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❆❜str❛❝t
❲❡ ❝♦♥s✐❞❡r ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt)t≥0✱ ✇✐t❤ ❞r✐❢t b(x) ❛♥❞ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ(x).
❆t ❞✐s❝r❡t❡ t✐♠❡s tk = kδ ❢♦r k ❢r♦♠ ✶ t♦ M ✱ ✇❡ ♦❜s❡r✈❡ ♥♦✐s② ❞❛t❛ ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤✱
Ykδ = Xkδ + εk✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (εk) ❛r❡ ✐✳✐✳❞✱ ❝❡♥tr❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)✳ ❚❤❡
♣r♦❝❡ss (Xt)t≥0 ✐s ❛ss✉♠❡❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r②✱ β✲♠✐①✐♥❣ ❛♥❞ ❡r❣♦❞✐❝✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡
t❤❡ ♥♦✐s❡ ❡✛❡❝t✱ ✇❡ s♣❧✐t ❞❛t❛ ✐♥t♦ ❣r♦✉♣s ♦❢ ❡q✉❛❧ s✐③❡ p ❛♥❞ ❜✉✐❧❞ ❡♠♣✐r✐❝❛❧ ♠❡❛♥s✳ ❚❤❡
❣r♦✉♣ s✐③❡ p ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ∆ = pδ ✐s s♠❛❧❧ ✇❤❡r❡❛s Mδ ✐s ❧❛r❣❡✳ ❚❤❡♥✱ t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t σ2 ✐s ❡st✐♠❛t❡❞ ✐♥ ❛ ❝♦♠♣❛❝t s❡t A ✐♥ ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ✇❛② ❜② ❛ ♣❡♥❛❧✐③❡❞
❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ r✐s❦ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ✐s ❜♦✉♥❞❡❞✳ ❲❡
♣r♦✈✐❞❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ❞✐✛✉s✐♦♥s s❛t✐s❢②✐♥❣ ♦✉r ❛ss✉♠♣t✐♦♥s ❛♥❞ ✇❡ ❝❛rr② ♦✉t ✈❛r✐♦✉s
s✐♠✉❧❛t✐♦♥s✳ ❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐❧❧✉str❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ❡st✐♠❛t♦rs✳
❘✉♥♥✐♥❣ t✐t❧❡ ✿ ❊st✐♠❛t✐♦♥ ❢♦r ♥♦✐s② ❞✐✛✉s✐♦♥s
❑❡②✇♦r❞s✿ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t❀ ♠♦❞❡❧ s❡❧❡❝t✐♦♥❀ ♥♦✐s② ❞❛t❛❀ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥❀ st❛✲
t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ♣r✐♠❛r② ✻✷●✵✽✱ s❡❝♦♥❞❛r② ✻✷▼✵✺
✶ ■♥tr♦❞✉❝t✐♦♥
❲❡ ❝♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
dXt = b(Xt)dt+ σ(Xt)dWt, X0 = η ✭✶✮
✇❤❡r❡ b, σ : R → R ❛r❡ t✇♦ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✱ (Wt) ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ η ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Wt)✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♣r♦❝❡ss (Xt)t≥0 ✐s st❛t✐♦♥❛r② ❛♥❞ β✲♠✐①✐♥❣✳
❆t ❞✐s❝r❡t❡ t✐♠❡s t = 0, δ . . . ,Mδ✱ ✇❡ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ ♥♦✐s② ❞❛t❛ ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤✱ ✐✳❡✱ ✇❡
♦❜s❡r✈❡
Ykδ = Xkδ + εk, ✭✷✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s (εk, k ≥ 0) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✱ ❝❡♥tr❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ♣r♦❝❡ss (Xt)✳ ❖✉r ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ(x) ❜② ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝
✇❛② ♦✈❡r ❛ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ A = [a0, a1] ✭A = [0, 1] ❢♦r ✐♥st❛♥❝❡✮ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦
M →∞✱ δ = δM → 0 ❛♥❞ MδM →∞✳
■♥ ♣r❛❝t✐❝❡✱ t❤❡ ♣r♦❝❡ss (Xkδ) ♦❢t❡♥ ❝❛♥♥♦t ❜❡ ♦❜s❡r✈❡❞✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ ❡✐t❤❡r ♠❡❛s✉r❡✲
♠❡♥t ❞❡✈✐❝❡s ♦r t♦ ✇❤❛t ✐s ❝❛❧❧❡❞ ♠✐❝r♦✲str✉❝t✉r❡ ♥♦✐s❡ ❢♦r ✜♥❛♥❝✐❛❧ ❞❛t❛✳ ❙❡✈❡r❛❧ ❛rt✐❝❧❡s ❞❡❛❧
✇✐t❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ♥♦✐s② ❞❛t❛✳ ❩❤❛♥❣ ❡t ❛❧✳ ✭✷✵✵✺✮✱ ❘♦s❡♥❜❛✉♠
✶
✭✷✵✵✼✮ ❛♥❞ ❏❛❝♦❞ ❡t ❛❧✳ ✭✷✵✵✾✮ st✉❞② t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ ✈♦❧❛t✐❧✐t②
∫ 1
0
σ2t dt ✐♥ ❛ ✜①❡❞
t✐♠❡ ✐♥t❡r✈❛❧ ✭❤❡r❡✱ MδM = 1✮✳ ■♥ t❤❡ s❛♠❡ ❝♦♥t❡①t✱ ●❧♦t❡r ❛♥❞ ❏❛❝♦❞ ✭✷✵✵✶✮ st✉❞② t❤❡ ❡st✐✲
♠❛t✐♦♥ ♦❢ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ❤✐❣❤ ❢r❡q✉❡♥❝② ♥♦✐s② ❞❛t❛✳ ❈♦♠t❡
❡t ❛❧✳ ✭✷✵✵✼✮ st✉❞② ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ♥♦♥ ♥♦✐s② ❞❛t❛ ✇✐t❤
t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❛s ♦✉rs✱ ❛♥❞ ❙❝❤♠✐ss❡r ✭✷✵✵✾❜✮ ❡st✐♠❛t❡s ✐♥ ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝
✇❛② t❤❡ ❞r✐❢t ♦❢ ❛ ♥♦✐s② ♣r♦❝❡ss✳
■♥ ♦r❞❡r t♦ r❡❞✉❝❡ ♥♦✐s❡ ❡✛❡❝ts✱ ❞❛t❛ ✐s s♣❧✐t ✐♥t♦ ❣r♦✉♣s ♦❢ ❡q✉❛❧ s✐③❡ p ❛♥❞ ❡♠♣✐r✐❝❛❧ ♠❡❛♥s ❛r❡
❜✉✐❧t ❛s ❢♦❧❧♦✇s✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t M = (n+2)p✱ s❡t N = np✱ ∆ = pδ ❛♥❞ ❢♦r k = 0, . . . , n+1,
Y¯k∆ = X¯k∆ + ε¯k
✇❤❡r❡
X¯k∆ =
1
p
p∑
j=1
Xk∆+jδ, Y¯k∆ =
1
p
p∑
j=1
Yk∆+jδ ❛♥❞ ε¯k =
1
p
p∑
j=1
εkp+j . ✭✸✮
❚❤❡ ❣r♦✉♣ s✐③❡ p ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ∆ = pδ ✐s s♠❛❧❧ ✇❤❡r❡❛s p ✐s ❧❛r❣❡✳ ❚❤❡♥✱ ❜❛s❡❞ ♦♥
t❤❡ ♠❡❛♥ s❛♠♣❧❡
(
Y¯k∆, k = 0, . . . , n+ 1
)
✱ t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡
✈❛r✐❛❜❧❡s
(
Y¯k∆
)
✳ ❋✐rst✱ ❛♥ ❛❞❡q✉❛t❡ r❡❣r❡ss✐♦♥✲t②♣❡ ❡q✉❛t✐♦♥ ✐s ❢♦✉♥❞ ✿
3
2
(
Y¯(k+1)∆ − Y¯k∆
)2
∆
= σ2
(
Y¯(k−1)∆
)
+ ♥♦✐s❡+ r❡♠❛✐♥❞❡r.
✭❚❤❡ ✐♥❞❡① ❧❛❣ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s ❤❡r❡ t♦ ❛✈♦✐❞ ❝✉♠❜❡rs♦♠❡ ❝♦r✲
r❡❧❛t✐♦♥s✮✳ ❚❤❡♥✱ ❛ ♣❡♥❛❧✐s❡❞ ❧❡❛st✲sq✉❛r❡s ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❛❞❛♣t✐✈❡
❡st✐♠❛t♦r ♦❢ σ2(x)✳ ❆ ❢❛♠✐❧② ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s (Sm) ♦❢ L
2(A) ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❛
❝♦❧❧❡❝t✐♦♥
(
σˆ2m
)
♦❢ ❡st✐♠❛t♦rs ♦❢ σ2A = σ
2
✶A ✐s ❞❡✜♥❡❞✳ ❋✐♥❛❧❧②✱ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❡♥❛❧t②✱ ❛♥
❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r σˆ2mˆ ✐s s❡❧❡❝t❡❞ t❤r♦✉❣❤ ❛ ❞❛t❛✲❞r✐✈❡♥ ♣r♦❝❡❞✉r❡ ❛♠♦♥❣ t❤✐s ❝♦❧❧❡❝t✐♦♥✳
■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ❛r❡ s♣❡❝✐✜❡❞✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ r❡❣r❡ss✐♦♥✲t②♣❡
❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥
(
σˆ2m
)
♦❢ ❡st✐♠❛t♦rs ❛r❡ ♣r❡❝✐s❡✳ ❚❤❡♦r❡♠ ✶ ❣✐✈❡s
t❤❡ r✐s❦ ❜♦✉♥❞ ♦❢ ❛♥ ❡st✐♠❛t♦r σˆ2m ❢♦r ✜①❡❞ m✳ ❚❤❡♦r❡♠s ✷ ❛♥❞ ✸ ❣✐✈❡ t❤❡ r✐s❦ ❜♦✉♥❞ ❢♦r t❤❡
❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r σˆ2mˆ✳ ■♥ ❙❡❝t✐♦♥ ✹✱ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♠♦❞❡❧s ✇✐t❤ ❞✐✛❡r❡♥t ♥♦✐s❡s ❛r❡ ♣r♦♣♦s❡❞
❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ ♦♥ s✐♠✉❧❛t❡❞ ❞❛t❛✳ Pr♦♦❢s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✺
❛♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
✷ ▼♦❞❡❧ ❛♥❞ ❛ss✉♠♣t✐♦♥s
✷✳✶ ❆ss✉♠♣t✐♦♥s
❘❡❝❛❧❧ t❤❛t A = [a0, a1] ✐s t❤❡ ❝♦♠♣❛❝t s❡t ✇❤❡r❡ σ
2 ✐s ❡st✐♠❛t❡❞ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❛ss✉♠♣t✐♦♥s✿
❆ss✉♠♣t✐♦♥ ✶✳
❋✉♥❝t✐♦♥s σ(x) ❛♥❞ b(x) ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✳
❆ss✉♠♣t✐♦♥ ✷✳
❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r > 0 ❛♥❞ α ≥ 1 s✉❝❤ t❤❛t
∃M0 ∈ R+, ∀x, |x| ≥M0, xb(x) ≤ −r |x|α .
❆ss✉♠♣t✐♦♥ ✸✳
❉✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡✿
∃σ21 , σ20 > 0, ∀x ∈ R, σ21 ≤ σ2(x) ≤ σ20 .
✷
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✸✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② pi ❛ss♦❝✐❛t❡❞ t♦ t❤❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮✳
❆ss✉♠♣t✐♦♥ ✹✳
❚❤❡ ♣r♦❝❡ss (Xt)t≥0 ✐s st❛t✐♦♥❛r②✿
η ∼ pi
✇❤❡r❡
pi(x) ∝ 1
σ2(x)
exp
(
2
∫ x b(u)
σ2(u)
du
)
.
▼♦r❡♦✈❡r✱ pi ❤❛s ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✲✸✱ ❛❝❝♦r❞✐♥❣ t♦ P❛r❞♦✉① ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈ ✭✷✵✵✶✮ ✭Pr♦♣♦s✐t✐♦♥ ✶ ♣✳✶✵✻✸✮✱
t❤❡ ♣r♦❝❡ss (Xt) ✐s ❡①♣♦♥❡♥t✐❛❧❧② β✲♠✐①✐♥❣✿ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C, θ s✉❝❤ t❤❛t✱ ❢♦r ❛♥②
♣♦s✐t✐✈❡ t✱
βX(t) ≤ Ce−θt,
✇❤❡r❡ βX(t) ✐s t❤❡ β−♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ (Xt)✳ ▼♦r❡♦✈❡r✱ ●❧♦t❡r ✭✷✵✵✵✮✱ Pr♦♣♦s✐t✐♦♥ ❆ ♣✳✷✷✻✱
❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✶✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✹✱ ❢♦r ❛♥② ✐♥t❡❣❡r k ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c(k) s✉❝❤ t❤❛t✱
∀t > 0✱ ∀h, 0 ≤ h ≤ 1✱
E
(
sup
s∈[t,t+h]
|Xs −Xt|k
)
≤ c(k)hk/2.
❆❝❝♦r❞✐♥❣ t♦ ❆ss✉♠♣t✐♦♥ ✸✱ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✱ s♦ t❤❡ ❢✉♥❝t✐♦♥
x→ σ2(x) ✐s ▲✐♣s❝❤✐t③ ❛♥❞
E
(
sup
s∈[t,t+h]
∣∣σ2(Xs)− σ2(Xt)∣∣k
)
≤ c(k)hk/2.
❆ss✉♠♣t✐♦♥ ✺✳
❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s εk ❤❛✈❡ ❞❡♥s✐t② f ✱ ❛r❡ ❝❡♥tr❡❞ ❛♥❞ ❤❛✈❡ ♠♦♠❡♥ts ♦❢ ♦r❞❡r ✽✳ ▲❡t ✉s ❞❡♥♦t❡
τ2 = E
(
ε21
)
✳
❋♦r (p, δ) ✜①❡❞✱ ♣r♦❝❡ss❡s
(
X¯k∆
)
❛♥❞
(
Y¯k∆
)
❞❡✜♥❡❞ ✐♥ ✭✸✮ ❛r❡ str✐❝t❧② st❛t✐♦♥❛r②✳ ❚❤❡✐r
✐♥✈❛r✐❛♥t ❞❡♥s✐t② ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ p¯ip,δ ❛♥❞ p˜ip,δ✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ p˜ip,δ ✐s
♥❡❡❞❡❞✿
❆ss✉♠♣t✐♦♥ ✻✳
❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts p˜i0 ❛♥❞ p˜i1 ✐♥❞❡♣❡♥❞❡♥t ♦❢ p ❛♥❞ δ s✉❝❤ t❤❛t✿
∀x ∈ R, p˜ip,δ(x) ≤ p˜i1 ❛♥❞ ∀x ∈ A, p˜ip,δ(x) ≥ p˜i0.
❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❆ss✉♠♣t✐♦♥ ✻ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❝❤♠✐ss❡r ✭✷✵✵✾❜✮ ✭Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞
✷✮✳
✸
✷✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s
❖✉r ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ ♦✈❡r ❛ ❝♦♠♣❛❝t s❡t A = [a0, a1] ♦❢ R✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s s❡t A = [0, 1]✳ ❇❡❧♦✇✱ ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ❧✐♥❡❛r s✉❜s♣❛❝❡s (Sm,r)m∈Mn(r)
❞❡♣❡♥❞✐♥❣ ♦♥ ❛♥ ✐♥t❡❣❡r r ✐♥❝❧✉❞❡❞ ✐♥ L2(A) ❛♥❞ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ✐s ❝♦♥str✉❝t❡❞✳ ❚❤❡ ✐♥t❡❣❡r
Mn(r) ✐s t❤❡ ✐♥❞❡① s❡t ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥✿
Mn(r) := {m, Dm,r := dim (Sm,r) ≤ Dn(r)}
✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ Dn(r) ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❋♦r ❛♥② m ∈ Mn(r)✱ ❛♥ ❡st✐♠❛t♦r
σˆ2m ♦❢ σ
2
A := σ
2
✶A ❜❡❧♦♥❣✐♥❣ t♦ Sm,r ✐s ❝♦♠♣✉t❡❞✳ ❚❤❡♥ t❤❡ ✏❜❡st✑ ♣♦ss✐❜❧❡ ❡st✐♠❛t♦r ✐s ❝❤♦s❡♥
❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m, r)✳
❙♣❧✐♥❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ s♣❛❝❡s Sm,r✳ ❚❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡
r✱ ❞❡♥♦t❡❞ gr✱ ✐s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ r+1 t✐♠❡s ♦❢ t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ [0, 1]✳ ■t ✐s C
r−1✱ ♣✐❡❝❡✇✐s❡
Cr✱ ❛♥❞ s✉♣♣♦rt❡❞ ♦♥ [0, r + 1]✳ ❋♦r ❛ ✜①❡❞ r✱ t❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s (Sm,r, m ≥ 0) ❛r❡ ❣❡♥❡r❛t❡❞ ❜②
tr❛♥s❧❛t✐♥❣✴❞✐❧❛t✐♥❣ gr ❛♥❞ r❡str✐❝t✐♦♥ t♦ [0, 1]✳ ❲❡ s❡t Sm,r := ❱❡❝t {(fr,m,k) , k = −r, . . . , 2m − 1}
✇❤❡r❡
fr,m,k(x) = 2
m/2gr (2
mx− k)✶[0,1](x).
Pr♦♣♦s✐t✐♦♥ ✷✳
✭✐✮ ❋✉♥❝t✐♦♥s (fr,m,k)k=−r,...,2m−1 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Dm,r := dim(Sm,r) =
2m + r✳
✭✐✐✮ ❚❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ❛♥❞ t❤❡ L2 ♥♦r♠ ❛r❡ ❝♦♥♥❡❝t❡❞✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t φ1 > 0 s✉❝❤ t❤❛t✱
❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ∈ Sm,r✿
‖t‖2∞ ≤ φ21Dm,r ‖t‖2L2
✇❤❡r❡ ‖t‖2L2 =
∫
A
t2(x)dx✳
✭✐✐✐✮ ❚❤❡r❡ ❡①✐sts ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ψλ ♦❢ Sm,r s✉❝❤ t❤❛t
∀λ, ❝❛r❞ (λ′, ‖ψλψλ′‖∞ 6= 0) ≤ 3(r − 1).
✭✐✈✮ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ t ∈ Bα2,∞ s✉❝❤ t❤❛t α ≤ r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t
‖t− tm‖L2 ≤ 2−mαC.
✇❤❡r❡ tm ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✭L
2✮ ♦❢ t✶A ♦✈❡r t❤❡ s♣❛❝❡ Sm,r✳
P♦✐♥ts ✭✐✮ ❛♥❞ ✭✐✐✐✮ ❛r❡ ❞❡♠♦♥str❛t❡❞ ✐♥ ❙❝❤♠✐ss❡r ✭✷✵✵✾❜✮ ✭Pr♦♣♦s✐t✐♦♥s ✸ ❛♥❞ ✹✮✱ ♣♦✐♥t
✭✐✐✮ ✐s ♣r♦✈❡❞ ✐♥ ❙❝❤♠✐ss❡r ✭✷✵✵✾❛✮ s❡❝t✐♦♥ ✻✳✷✳ P♦✐♥t ✭✐✈✮ ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ▼❡②❡r ✭✶✾✾✵✮✱
Pr♦♣♦s✐t✐♦♥ ✹♣✳✺✵✳
❋r♦♠ ♥♦✇ ♦♥✱ r ✐s ✜①❡❞ ❛♥❞ ♦♠✐tt❡❞ ✐♥ t❤❡ ♥♦t❛t✐♦♥s ✭Sm,r = Sm✱ pen(m, r) = pen(m)✱
Dm,r = Dm, . . .✮
✸ ❊st✐♠❛t✐♦♥
✸✳✶ ◆♦t❛t✐♦♥s
❈♦♥s✐❞❡r t❤❡ ♥♦r♠❛❧✐s❡❞ ✐♥❝r❡♠❡♥t
Tk∆ =
3
2
(
Y¯(k+1)∆ − Y¯k∆
)2 − 2τˆ2/p
∆
✹
✇❤❡r❡
τˆ2 =
1
2N
N∑
k=1
(
Y(k+1)δ − Ykδ
)2
. ✭✹✮
❲❡ ❤❛✈❡ t❤❛t
Tk∆ = σ
2
(
Y¯(k−1)∆
)
+
3
2
(Ak∆ +Bk∆ + Ck∆ + Zk∆ +Rk∆ + Sk∆) ✭✺✮
✇❤❡r❡ σ2
(
Y¯(k−1)∆
)
✐s t❤❡ ♠❛✐♥ t❡r♠✱ Zk∆✱ Rk∆ ❛♥❞ Sk∆ ❛r❡ ❝❡♥tr❡❞✿
Zk∆ =
1
∆

(∫ (k+2)∆
k∆+δ
Hσk (s)dWs
)2
−
∫ (k+2)∆
k∆+δ
(Hσk (s))
2
ds

 , ✭✻✮
Rk∆ =
1
∆
[
(ε¯k+1 − ε¯k)2 − 2τ2/p
]
✭✼✮
Sk∆ = 2 (ε¯k+1 − ε¯k) J¯k(σ)
∆
. ✭✽✮
✇❤❡r❡
Hσk (s) =
1
p
p∑
j=1
✶]k∆+jδ,(k+1)∆+jδ](s)σ(Xs) ❛♥❞ J¯k(t) =
1
p
p∑
j=1
∫ (k+1)∆+jδ
k∆+jδ
t(Xs)dWs. ✭✾✮
❲❡ ❤❛✈❡ t❤❡♥ t❤❛t J¯k(σ) =
∫ (k+2)∆
k∆+δ
Hσk (s)dWs✳ ❚❡r♠s Ak∆ = A
(1)
k∆ + A
(2)
k∆ + A
(3)
k∆✱ Bk∆ =
B
(1)
k∆ +B
(2)
k∆ +B
(3)
k∆ ❛♥❞ Ck∆ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❲✐t❤
I¯k(t) =
1
p
p∑
j=1
∫ (k+1)∆+jδ
k∆+jδ
t(Xs)ds,
t❤❡r❡ ❛r❡ ❡q✉❛❧ t♦
A
(1)
k∆ =
1
∆
I¯2k(b), A
(2)
k∆ =
2
∆
I¯k(b)J¯k(σ) ✭✶✵✮
A
(3)
k∆ =
1
p2∆
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
(
σ2(Xs)− σ2(X¯(k−1)∆)
)
ds,
B
(1)
k∆ = 2 (ε¯k+1 − ε¯k)
1
∆
I¯k(b), ✭✶✶✮
B
(2)
k∆ =
2
3
(
σ2
(
X¯(k−1)∆
)− σ2 (Y¯(k−1)∆))
B
(3)
k∆ = σ
2
(
X¯(k−1)∆
) 1
p2∆
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
ds− 2
3


❛♥❞
Ck∆ = 2
τ2 − τˆ2
p∆
.
✺
❚❤❡ ✐♥❞❡① ❧❛❣ ✐♥ ❡q✉❛t✐♦♥ ✭✺✮ ❛✈♦✐❞s ❝✉♠❜❡rs♦♠❡ ❝♦rr❡❧❛t✐♦♥s ✭Rk∆ ❛♥❞ Sk∆ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢
Y¯(k−1)∆✱ ♥♦t ♦❢ Y¯k∆✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦♥tr❛st
γn(t) =
1
n
n∑
k=1
(
Tk∆ − t
(
Y¯(k−1)∆
))2
❛♥❞ ❞❡✜♥❡ t❤❡ ❡st✐♠❛t♦r
σˆ2m = arg min
t∈Sm
γn(t).
❘❡♠❛r❦ ✶✳ ❆ ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐s✐♥❣ γn ❝❛♥ ❛❧✇❛②s ❜❡ ❢♦✉♥❞✱ ❜✉t ✐t ♠❛② ❜❡ ♥♦t ✉♥✐q✉❡✳ ❚❤❡
tr❛♥s♣♦s❡ ♦❢ t❤❡ ✈❡❝t♦r v ✐s ❞❡♥♦t❡❞ v∗✳ ❙❡tt✐♥❣ T = (T∆, . . . , Tn∆)∗✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r
(bˆm(Y¯0), . . . , bˆm(Y¯(n−1)∆))∗ = Πm(T )✱ ✇❤❡r❡ Πm ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♣r♦❥❡❝t✐♦♥ ♦✈❡r t❤❡ s✉❜s♣❛❝❡
♦❢ Rn ❞❡✜♥❡❞ ❜②
{
(t(Y¯0), . . . , t(Y¯(n−1)∆), t ∈ Sm
}
✱ ✐s ❛❧✇❛②s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳
❚❤✐s ✐s ✇❤②✱ ❛s ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✱ t❤❡ r✐s❦ ❢✉♥❝t✐♦♥ ✐s ❝❤♦s❡♥ ❛s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛♥
❡♠♣✐r✐❝❛❧ ♥♦r♠✿
R
(
σˆ2m
)
= E
(∥∥σˆ2m − σ2A∥∥2n
)
✇❤❡r❡ ‖t‖2n := 1n
∑n
k=1 t
2
(
Y¯(k−1)∆
)
✐s ❛♥ ❡♠♣✐r✐❝❛❧ ♥♦r♠ ❛♥❞ tA := t✶A✳
✸✳✷ ❊st✐♠❛t✐♦♥ ✇✐t❤ ✜①❡❞ m
▲❡t ✉s s♣❡❝✐❢② t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✳
❆ss✉♠♣t✐♦♥ ✼✳
■t ✐s ❛ss✉♠❡❞ t❤❛t
N →∞, n→∞, δ → 0, p→∞, ∆→ 0 np2∆2 →∞
❛♥❞
ln2(n)
n∆
→ 0, Dn ≤ cn∆
ln2(n)
❘❡♠❛r❦ ✷✳ ❍❡r❡✱ t❤❡ ❧❛st t✇♦ ✐♥❡q✉❛❧✐t✐❡s ✐♠♣❧② t❤❛t n∆ = Nδ →∞✳
❚❤❡♦r❡♠ ✶✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✼✱
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 + C
(
∆+
1
p
+
1
n
(
1 +
1
p∆
)2
+
Dm
n
(
σ20 +
τ2
p∆
)2)
✇❤❡r❡ σ2m ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✭L
2✮ ♦❢ σ2✶A ♦✈❡r Sm✳
❈♦r♦❧❧❛r② ✶✳
❚❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ❢♦r p = ∆−1 = δ−1/2✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❡st✐♠❛t♦r
r✐s❦ s❛t✐s✜❡s✿
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 + C
(
∆+
1
n
+
(
σ20 + τ
2
)2 Dm
n
)
.
✻
✸✳✸ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡
❆ss✉♠❡ t❤❛t σ2A ❜❡❧♦♥❣s t♦ ❛ ❇❡s♦✈ s♣❛❝❡ B
α
2,∞ ❛♥❞ t❤❛t
∥∥σ2A∥∥2B2,∞ ≤ 1✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥
✷ ✭✐✈✮✱ ✐❢ α ≤ r✱ t❤❡ ❜✐❛s t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜②∥∥σ2m − σ2A∥∥2L2 ≤ C2−2mα.
❚❤❡♥✱ t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡
∥∥σ2m − σ2A∥∥2L2 + Dmn ✐s ♠✐♥✐♠✉♠ ✇❤❡♥ m = log2(n)1+2α ✱ ❛♥❞ t❤❡
r✐s❦ s❛t✐s✜❡s✿
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ Cn−2α/(1+2α) + C∆.
❘❡♠❛r❦ ✸✳ ▲❡t ✉s s❡t δ ∼ N−β ✳ ❆s Nδ →∞✱ ✐t ✐s ♥❡❡❞❡❞ t❤❛t 0 < β < 1✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✿
β ♠❛✐♥ t❡r♠ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞
0 < β ≤ 4α(4α+1) ∆ N−β/2
4α
(4α+1) ≤ β < 1 n−2α/(2α+1) N−(1−β/2)2α/(2α+1)
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ r✐s❦ ✐s ❛❧✇❛②s ❧❛r❣❡r t❤❛♥N−1/2✳ ■t ✐s ♠❛①✐♠❛❧ ✐❢ δ ∼ N−4α/(4α+1)✳
✸✳✹ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥
❖✉r ❛✐♠ ✐s t♦ ❝❤♦♦s❡ mˆ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐s❡ t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡✳ ❆ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥
pen(m) ❞❡♣❡♥❞✐♥❣ ♦♥ n ❛♥❞ Dm ✐s ✐♥tr♦❞✉❝❡❞✱ mˆ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t
mˆ = arg min
m∈Mn
{
γn
(
σˆ2m
)
+ pen(m)
}
,
❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r ✐s ❞❡♥♦t❡❞ ❜② σˆ2mˆ ✳
✸✳✹✳✶ ❆❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♥♦✐s❡
❚♦ ❝♦♥str✉❝t ❛♥ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❧❛✇ ♦❢ ε ✐s ♥❡❡❞❡❞✿
❆ss✉♠♣t✐♦♥ ✽✳
❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t υ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② l ≥ 0✿
E
(
ε2l1
) ≤ llυ2l ❛♥❞ E (ε2l+11 ) = 0
❘❡♠❛r❦ ✹✳ ■❢ ✈❛r✐❛❜❧❡s (εk) s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ✽✱ t❤❡♥ t❤❡r❡ ❛r❡ s✉❜✲●❛✉ss✐❛♥✱ ✐✳❡✳ ❢♦r ❛♥② λ,
E
(
eλεk
) ≤ exp (υ2λ2) ✳ ❍❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷ ♦❢ ✭❙❝❤♠✐ss❡r✱ ✷✵✵✾❜✮ ✇❤✐❝❤ ❣✐✈❡s ❛
❜♦✉♥❞ ♦❢ t❤❡ r✐s❦ ♦❢ t❤❡ ❞r✐❢t ❡st✐♠❛t♦r✳ ❚❤❡ ▲❛♣❧❛❝❡ ❧❛✇ ❞♦❡s ♥♦t s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ✽✱ ❝♦♥tr❛r②
t♦ ●❛✉ss✐❛♥ ❧❛✇s ❛♥❞ ❜♦✉♥❞❡❞ ❧❛✇s✳
❚❤❡♦r❡♠ ✷✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✽✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ s✉❝❤ t❤❛t✱ s❡tt✐♥❣
pen(m) ≥ κDm,r
n
(
σ20 +
υ2
p∆
)2
✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r p ∼ δ−1/2✿
E
(∥∥σˆ2mˆ − σ2A∥∥2n
)
≤ C inf
m∈Mn
(∥∥σˆ2m − σ2A∥∥2L2 + pen(m)
)
+
C
n
+ C ′δ1/2.
P❛r❛♠❡t❡rs σ20 ❛♥❞ υ
2 ❛r❡ ✉♥❦♥♦✇♥✱ ❜✉t t❤❡② ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② r♦✉❣❤ ❡st✐♠❛t♦rs✳
✼
✸✳✹✳✷ ❲✐t❤♦✉t ❆ss✉♠♣t✐♦♥ ✭✽✮
■❢ ✈❛r✐❛❜❧❡s (εk) ❞♦ ♥♦t s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ✽✱ t❤❡ ✐♥❡q✉❛❧✐t② ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ❝❛♥ ♥♦t ❜❡
❣❡♥❡r❛❧✐s❡❞ t♦ t❤❡ ❛❞❛♣t✐✈❡ ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ✇❡❛❦❡r r❡s✉❧t✳
❚❤❡♦r❡♠ ✸✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✼✱ ✐❢ p ∼ δ−2/3✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ s✉❝❤ t❤❛t✱ ✐❢
pen(m) ≥ κσ40
Dm,r
n
,
t❤❡♥
E
(∥∥σˆ2mˆ − σ2A∥∥2n
)
≤ C inf
m∈Mn
(∥∥σ2m − σ2A∥∥2L2 + pen(m)
)
+
C
n
+ C ′δ1/3.
✹ ❙✐♠✉❧❛t✐♦♥s
❙✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠
✶✳ ❙✐♠✉❧❛t❡ ❛ tr❛❥❡❝t♦r②
(
X¯k∆
)
✉s✐♥❣ ❛ ❊✉❧❡r s❝❤❡♠❡ ♦❢ st❡♣ δ✳ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ ❛r❡ ❞r❛✇♥
❢♦r n = 104✱ ∆ = 10−2 ❛♥❞ p = 100 ✭s♦ N = 106 ❛♥❞ δ = 10−4✮✳ ❚❤✐s ♠❛② s❡❡♠ ✈❡r②
❧❛r❣❡✱ ❜✉t ❏❛❝♦❞ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❘♦s❡♥❜❛✉♠ ✭✷✵✵✼✮ ❛♥❞ ❩❤❛♥❣ ❡t ❛❧✳ ✭✷✵✵✺✮ ✉s❡ ❛♣♣r♦①✐♠❛t❡❧②
20000 ❞❛t❛ t♦ ❡st✐♠❛t❡ t❤❡ ✐♥t❡❣r❛t❡❞ ✈♦❧❛t✐❧✐t② ✇✐t❤ ❛ ♠✐❝r♦str✉❝t✉r❡ ♥♦✐s❡ ✭♦♥❡ ❞❛t❛ ❡✈❡r②
s❡❝♦♥❞ ❢♦r ♦♥❡ ❞❛②✮✳ ❍❡r❡✱ ✇❡ ❡st✐♠❛t❡ σ2 ✐♥ ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ✇❛②✱ s♦ ✇❡ ♥❡❡❞ ♠♦r❡ ❞❛t❛✳
✷✳ ❙✐♠✉❧❛t❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (ε¯k)✳
✸✳ ❈♦♥str✉❝t Y¯k∆ = X¯k∆ + ε¯k ❛♥❞
Tk∆ =
(
Y¯(k+1)∆ − Y¯k∆
)2 − 2τ2
∆
✭❛s t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ✐s ❦♥♦✇♥✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❡st✐♠❛t❡ ✐t✮✳
✹✳ ❚♦ ♣❧♦t t❤❡ ✜❣✉r❡s✱ ❡❧✐♠✐♥❛t❡ t❤❡ ✺✪ ❡①tr❡♠❡ ✈❛❧✉❡s✳
✺✳ ❋♦r ❛♥② m ∈ Mn✱ ❝♦♠♣✉t❡ σˆm,1 ∈ Sm,1 ❛♥❞ σˆm,2 ∈ Sm,2✳
✻✳ ❈♦♠♣✉t❡ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥
pen(m, r) =
κDm,r
n
(
σ40 +
υ4
p2∆2
)
❚❤❡ ♣❛r❛♠❡t❡r υ ✐s ❞❡✜♥❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✽✳ ■t ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t υ2 > 2τˆ2✳ ■♥ ❢❛❝t✱
❢♦r ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s ♦❢ ❧❛✇ N (0, τ2)✱ t❤❡ ♣❛r❛♠❡t❡r υ2 ✐s s✉❝❤ t❤❛t υ2 = 2τ2✳ ❚❤❡
♣❛r❛♠❡t❡r κ ✐s ❝❤♦s❡♥ ❡q✉❛❧ t♦ ✶✸ ❜② ♥✉♠❡r✐❝❛❧ ❝❛❧✐❜r❛t✐♦♥ ✭s❡❡ ❈♦♠t❡ ❛♥❞ ❘♦③❡♥❤♦❧❝
✭✷✵✵✷✮ ❢♦r ♠♦r❡ ❡①♣❧❛♥❛t✐♦♥s✮✳ ❚❤❡ ♣❛r❛♠❡t❡r σ20 ✐s r❡♣❧❛❝❡❞ ✇✐t❤ ❛ r♦✉❣❤ ❡st✐♠❛t♦r✳ ❲❡
❞♦♥✬t ✇❛♥t t♦ ✉♥❞❡r✲❡st✐♠❛t❡ σ20 ✱ s♦ ✇❡ r❡♣❧❛❝❡ ✐t ❜② s♦♠❡t❤✐♥❣ ♠✉❝❤ ❧❛r❣❡r✱ ❢♦r ✐♥st❛♥❝❡
2σˆ20,0+2 supx∈A σˆ
2
0,1(x) ✭t❤❡ ❡st✐♠❛t♦r σˆ
2
0,0 ✐s ❛ ❝♦♥st❛♥t✱ ✇❤❡r❡❛s σˆ
2
0,1 ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥✮✳
✼✳ ❈♦♠♣✉t❡ t❤❡ ❡st✐♠❛t♦rs ♦✈❡r (Sm,1, m ≥ 0) ❛♥❞ (Sm,2, m ≥ 0) r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜②
σˆmˆ,1 ❛♥❞ σˆmˆ,2. ❚❤❡ t✇♦ ❡st✐♠❛t♦rs ❛r❡ ♣❧♦tt❡❞ ♦♥ t❤❡ ✜❣✉r❡s✱ ❜✉t ♦♥❧② σˆmˆ,1 ✐s ✉s❡❞ ✐♥ t❤❡
t❛❜❧❡s✳
✽
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♣r❡s❡♥ts✱ ❢♦r ❡❛❝❤ ♠♦❞❡❧✱ t❤❡ ❞r✐❢t ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢✉♥❝t✐♦♥s✱ t❤❡
❡st✐♠❛t✐♦♥ ✐♥t❡r✈❛❧ ❛♥❞ s♦♠❡ r❡♠❛r❦s✳
▼♦❞❡❧ b(x) σ(x) ❊st✐♠❛t✐♦♥ ✐♥t❡r✈❛❧ ❘❡♠❛r❦s
▼♦❞❡❧ ✶ −2x ✶ [−1, 1] ❖r♥st❡✐♥ ❯❤❧❡♥❜❡❝❦
σ ∈ S0
▼♦❞❡❧ ✷ −2x
√
1+x2
2+x2 [−1, 1]
▼♦❞❡❧ ✸ −2x 1√
1+x2
[−1, 1] σ ♥♦t ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇
▼♦❞❡❧ ✹ −2x 1 + |x| [−2, 2] σ ♥♦t ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡
❲❡ ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ♥♦✐s❡s✱ ✇❤✐❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ❤❡r❡✳
❧❛✇ τ2 υ2 s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✽
●❛✉ss✐❛♥ N (0, 1) ✶ ✷ ②❡s
❯♥✐❢♦r♠ ♦✈❡r [−1, 1] ✶✴✸ ✶ ②❡s
▲❛♣❧❛❝❡✿ f(x) = 1/2 exp(− |x|) ✷ ✺ ✭❛r❜✐tr❛r②✮ ♥♦
■♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ t❛❜❧❡s✱ ✺✵ tr❛❥❡❝t♦r✐❡s ❛r❡ s✐♠✉❧❛t❡❞ ❢♦r ❡❛❝❤ ♥♦✐s❡ ❛♥❞ ❡❛❝❤ ♠♦❞❡❧✳
❚❤❡ ♠❡❛♥ ♦❢ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ❛♥❞ t❤❡ tr✉❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❡st✐♠❛t❡❞ ❜②
t❤❡ ❡♠♣✐r✐❝❛❧ ♥♦r♠
ris = ♠❡❛♥
(∥∥σˆmˆ,r − σ2A∥∥2n
)
.
▼♦r❡♦✈❡r✱ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛❞❛♣t✐✈❡✱ ❛♥ ♦r❛❝❧❡ ✐s ❝♦♠♣✉t❡❞✿
oracle = ♠❡❛♥

 ∥∥σˆmˆ,r − σ2A∥∥2n
♠✐♥m
(
‖σˆm,r − σ2A‖2n
)

 .
❚❤❡ ♠✐♥✐♠❛ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ r✐s❦ ris ❛♥❞ ♦❢ t❤❡ ♦r❛❝❧❡ or ❛r❡ ✐♥ ❜♦❧❞✳
❘❡s✉❧ts✿ ❚❤❡ ❣r❡❛t❡r n ✐s✱ t❤❡ ❜❡tt❡r t❤❡ ❡st✐♠❛t♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❚❛❜❧❡s ✶✲✹ s❤♦✇ t❤❛t t❤❡
s♠❛❧❧❡st ❡♠♣✐r✐❝❛❧ r✐s❦s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r n = 104 ❛♥❞ ∆ = 10−2 ♦r ∆ = 3.10−3 ✭s♦ N ❧❛r❣❡r t❤❛♥
106✮✳ ❚❤❡ ♦r❛❝❧❡ ✐s ❜❡tt❡r ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ n✿ ❛❝t✉❛❧❧②✱ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ ✐s ❧❛r❣❡r s♦ ✐t ✐s
❡❛s✐❡r t♦ ❝❤♦♦s❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❡st✐♠❛t♦r✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ r✐s❦s ❛r❡ s♠❛❧❧❡r ❢♦r t❤❡ ✉♥✐❢♦r♠ ♥♦✐s❡
❛♥❞ ❧❛r❣❡r ❢♦r t❤❡ ♥♦✐s❡ ✇✐t❤ ▲❛♣❧❛❝❡ ❧❛✇✳ ❚❤✐s ✐s ♣❛rt❧② ❜❡❝❛✉s❡ t❤❡ ♣❛r❛♠❡t❡r υ ✐s s♠❛❧❧❡r ❢♦r
t❤❡ ✉♥✐❢♦r♠ ♥♦✐s❡ ✭❂✶✮ ❛♥❞ ❧❛r❣❡r ❢♦r t❤❡ ♥♦✐s❡ ✇✐t❤ ▲❛♣❧❛❝❡ ❧❛✇ ✭≃ 5✮✳ ❚❤❡ ▲❛♣❧❛❝❡ ♥♦✐s❡ ❞♦❡s
♥♦t s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ✺✱ ♥❡✈❡rt❤❡❧❡ss✱ t❤❡ ❡♠♣✐r✐❝❛❧ r✐s❦ ❢♦r t❤✐s ♥♦✐s❡ ✐s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡
♦t❤❡rs✳ ❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❛r❡ ✈❡r② ❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ υ2 ❛♥❞ κ✳ ❙♦✱ ✐t ✐s ❜❡tt❡r
t♦ ❛❞❞ ♥❡❣❧✐❣✐❜❧❡ ❝♦rr❡❝t✐♥❣ t❡r♠s ✭s❡❡ ❈♦♠t❡ ❛♥❞ ❘♦③❡♥❤♦❧❝ ✭✷✵✵✹✮✮✳ ❙✉❝❤ t❡r♠s ❛✈♦✐❞ ✉♥❞❡r✲
♣❡♥❛❧✐s❛t✐♦♥ ❛♥❞ ❛r❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ t❤❡♦r❡♠s ♣r♦✈✐❞❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡
♣❡♥❛❧t②✳ ❚❤❡ ❝♦rr❡❝t✐♥❣ t❡r♠s ❛r❡ ♥❡❣❧✐❣✐❜❧❡ s♦ t❤❡② ❞♦ ♥♦t ❛✛❡❝t t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳
✾
✺ Pr♦♦❢s
✺✳✶ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts
■♥ t❤❡ ♣r♦♦❢s✱ r ✐s ✜①❡❞ ❛♥❞ ✇❡ ❞❡♥♦t❡ Sm,r = Sm ❛♥❞ Dm,r = Dm✳ ❲❡ ❤❛✈❡
γn(t)− γn(σ2) = ‖t− σ‖2n −
2
n
n∑
k=1
(
Tk∆ − σ2
(
Y¯(k−1)∆
)) (
t
(
Y¯(k−1)∆ − σ2
(
Y¯(k−1)∆
)))
.
▲❡t ✉s r❡❝❛❧❧ t❤❛t σ2m ❞❡♥♦t❡s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ (L
2) ♦❢ σ2A ♦✈❡r Sm✳ ❆s γn(σˆ
2
m)−γn(σ2) ≤
γn(σ
2
m)− γn(σ2)✱ ✇❡ ❤❛✈❡✿
∥∥σˆ2m − σ2∥∥2n ≤ ∥∥σ2m − σ2∥∥2n + 1n
n∑
k=1
(
Tk∆ − σ2
(
Y¯(k−1)∆
)) (
σˆ2m
(
Y¯(k−1)∆
)− σ2m (Y¯(k−1)∆)) .
▲❡t ✉s s❡t
νn(t) =
1
n
n∑
k=1
Zk∆t(Y¯(k−1)∆), ρn(t) =
1
n
n∑
k=1
Rk∆t(Y¯(k−1)∆), ✭✶✷✮
ξn(t) =
1
n
n∑
k=1
Sk∆t(Y¯(k−1)∆), En(t) =
1
n
n∑
k=1
(Ak∆ +Bk∆ + Ck∆) t(Y¯(k−1)∆). ✭✶✸✮
✭s❡❡ ✻✲✶✶✮✳ ❲❡ ❝❛♥ ✇r✐t❡✿
∥∥σˆ2m − σ2∥∥2n ≤ ∥∥σ2m − σ2∥∥2n + 2 (νn + ρn + ξn + En) (σˆ2m − σ2m) ,
❛♥❞✱ ❛s σ2m ❛♥❞ σˆ
2
m ❛r❡ A✲s✉♣♣♦rt❡❞✿∥∥σˆ2m − σ2A∥∥2n ≤ ∥∥σ2m − σ2A∥∥2n + 2 (νn + ρn + ξn + En) (σˆ2m − σ2m) . ✭✶✹✮
▲❡♠♠❛ ✶✳
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❧tr❛t✐♦♥s✿
Ft = σ (η, Ws, s ≤ t) ❛♥❞ Gt = σ (η, Ws, s ≤ t, εj , jδ ≤ t) , t ≥ 0. ✭✶✺✮
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✺✱ ✇❡ ❤❛✈❡✿
✭✐✮ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Z2k∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡ ❛♥❞ E (Zk∆|Gk∆) = 0✳ ▼♦r❡♦✈❡r✱
E
(
Z2k∆
∣∣Gk∆) ≤ cσ40 ❛♥❞ E (Z4k∆) ≤ cσ80 .
✭✐✐✮ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Rk∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✳ ▼♦r❡♦✈❡r✱
E
(
R2k∆
) ≤ cτ4
p2∆2
+
cτ4
p3∆2
❛♥❞ E
(
R4k∆
) ≤ cτ8
p4∆4
+
cτ8
p7∆4
.
✭✐✐✐✮ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s J¯k(σ) ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✱ ❛♥❞
E
(
J¯k(σ)
∣∣Gk∆) = 0 ❛♥❞ E [ J¯2k (σ)∣∣Gk∆] ≤ c∆σ20 .
❇❡s✐❞❡s✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Sk∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡ ❛♥❞
E
(
S2k∆
) ≤ cτ2σ20/(p∆) ❛♥❞ E (S4k∆) ≤ cτ2σ40/(p2∆2).
✶✵
✭✐✈✮ E
(
A2k∆
) ≤ c∆ ❛♥❞ E (A4k∆) ≤ c∆2
✭✈✮ E
(
B2k∆
) ≤ c/p ❛♥❞ E (B4k∆) ≤ c/p2
✇❤❡r❡ τ4 = E
(
ε41
)
❛♥❞ τ8 = E
(
ε81
)
✳
✭s❡❡ ✭✻✮✲✭✶✶✮✮✳
❚❤❡ t❡r♠ Ck∆ = 2
τˆ2−τ2
p∆ ✐s st✉❞✐❡❞ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✷✳
❲❡ ❤❛✈❡
✭✐✮
∣∣E (τˆ2 − τ2)∣∣ ≤ δ2E [b2(X0)]+ δE (σ2(X0))✳
✭✐✐✮ E
((
τˆ2 − τ2)2) ≤ (τ4 + τ4)/N + cδ2
✭✐✐✐✮ E
((
τˆ2 − τ2)4) ≤ c/N2 + cδ4✳
■❢ t❤❡ ♥♦✐s❡ ❧❛✇ ✐s ❦♥♦✇♥✱ τˆ2 ✐s r❡♣❧❛❝❡❞ ❜② τ2 ❛♥❞ Ck∆ = 0✳ ❚❤❛♥❦s t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③
✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ✭s❡❡ ✭✶✸✮ ❛♥❞ ✭✶✹✮✮✿
En
(
σˆ2m − σ2m
) ≤ 1
12
∥∥σˆ2m − σ2m∥∥2n + 12n
n∑
k=1
(Ak∆ +Bk∆ + Ck∆)
2
≤ 1
12
∥∥σˆ2m − σ2m∥∥2n + 36n
n∑
k=1
(
A2k∆ +B
2
k∆ + C
2
k∆
)
.
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦r♠ ‖t‖2p˜i =
∫
A
t2(x)p˜i(x)dx ✇❤❡r❡ p˜i = p˜ip,δ ✐s t❤❡ ❞❡♥s✐t② ♦❢ Y¯∆✳ ❆s
t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Y¯k∆ ❤❛✈❡ ❞❡♥s✐t② p˜i✱ ✇❡ ❤❛✈❡ E
(
‖t‖2n
)
= ‖t‖2p˜i✳ ▲❡t ✉s s❡t Bm ={
t ∈ Sm, ‖t‖2p˜i ≤ 1
}
✳ ❲❡ ❤❛✈❡
(νn + ρn + ξn) (σˆ
2
m − σ2m) ≤
∥∥σˆ2m − σ2m∥∥p˜i sup
t∈Bm
(νn(t) + ρn(t) + ξn(t))
≤ 1
12
∥∥σˆ2m − σ2m∥∥2p˜i + 36 sup
t∈Bm
(
ν2n(t) + ρ
2
n(t) + ξ
2
n(t)
)
.
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡t
Ωn =

ω, ∀t ∈
⋃
m,m′
Sm + Sm′ ,
∣∣∣∣∣‖t‖
2
n
‖t‖2p˜i
− 1
∣∣∣∣∣ ≤ 12


✐♥ ✇❤✐❝❤ ♥♦r♠s ‖.‖n ❛♥❞ ‖.‖p˜i ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ♦♥ Ωn✱ ✇❡ ❤❛✈❡
‖t‖2p˜i ≤ 2 ‖t‖2n ≤ 3 ‖t‖2p˜i .
✺✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶
❋✐rst✱ ✇❡ st✉❞② t❤❡ r✐s❦ ♦♥ Ωn✳ ❆s✱ ♦♥ Ωn✱ ‖t‖2p˜i ≤ 2 ‖t‖2n ❛♥❞
∥∥σˆ2m − σ2m∥∥2n ≤ 2∥∥σˆ2m − σ2A∥∥2n +
2
∥∥σ2m − σ2A∥∥2n✱ ✇❡ ♦❜t❛✐♥✿
∥∥σˆ2m − σ2A∥∥2n ≤ 3∥∥σ2m − σ2A∥∥2n + 72 sup
t∈Bm
(
ν2n(t) + ρ
2
n(t) + ξ
2
n(t)
)
+
72
n
n∑
k=1
(
A2k∆ +B
2
k∆ + C
2
k∆
)
.
✶✶
❲❡ ❤❛✈❡✿ E
(∥∥σ2m − σ2A∥∥2n
)
=
∥∥σ2m − σ2A∥∥2p˜i ≤ p˜i1 ∥∥σ2m − σ2A∥∥2L2 ✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ✭✐✈✮ ❛♥❞
✭✈✮ ❛♥❞ ▲❡♠♠❛ ✷ ✭✐✐✮✱
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωn
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 +72E
(
sup
t∈Bm
ν2n(t) + ρ
2
n(t) + ξ
2
n(t)
)
+ c∆+
c
p
+
c
Np∆
✇✐t❤ c ∈ R+✳
■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ E
(
supt∈Bm ν
2
n(t)
)
✱ E
(
supt∈Bm ρ
2
n(t)
)
❛♥❞ E
(
supt∈Bm ξ
2
n(t)
)
✳ ▲❡t ✉s
❝♦♥s✐❞❡r ❛♥ ♦rt❤♦♥♦r♠❛❧ ✭❢♦r t❤❡ L2p˜i✲♥♦r♠✮ ❜❛s✐s (ϕλ)λ∈Λm ♦❢ Sm✳ ❆♥② ❢✉♥❝t✐♦♥ t ∈ Sm ❝❛♥ ❜❡
✇r✐tt❡♥ t =
∑
λ∈Λm aλϕλ✳ ▼♦r❡♦✈❡r✱ t ∈ Bm ⇔
∑
λ∈Λm a
2
λ ≤ 1✳ ❆s t❤❡ ❢✉♥❝t✐♦♥ t → νn(t) ✐s
❧✐♥❡❛r✱ ✇❡ ❤❛✈❡
ν2n(t) =
( ∑
λ∈Λm
aλνn(ϕλ)
)2
≤
( ∑
λ∈Λm
a2λ
)( ∑
λ∈Λm
ν2n (ϕλ)
)
.
❙♦
E
(
sup
t∈Bm
ν2n(t)
)
≤
∑
λ∈Λm
E
(
ν2n (ϕλ)
)
. ✭✶✻✮
❖♥❡ ♣r♦✈❡ ❛♥❛❧♦❣♦✉s❧② t❤❛t E
(
supt∈Bm ρ
2
n(t)
) ≤ ∑λ∈Λm E (ρ2n (ϕλ)) ❛♥❞ E (supt∈Bm ξ2n(t)) ≤∑
λ∈Λm E
(
ξ2n (ϕλ)
)
✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✷✮✱ ✇❡ ❤❛✈❡
E
(
ν2n (ϕλ)
) ≤ 2E

( 1
n
∑
k ❡✈❡♥
ϕλ(Y¯(k−1)∆)Zk∆
)2+ 2E

( 1
n
∑
k ♦❞❞
ϕλ(Y¯(k−1)∆)Zk∆
)2
✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Zk∆ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✻✮✳ ❚❤❡ s♣❧✐tt✐♥❣ ✐♥t♦ ♦❞❞ ❛♥❞ ❡✈❡♥ ✐♥❞✐❝❡s
❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞✈❛♥t❛❣❡✿ ❡❛❝❤ s✉♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ✈❛r✐❛❜❧❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧
❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❝❛♥ ✇r✐t❡✿
E

( 1
n
∑
k ❡✈❡♥
ϕλ(Y¯(k−1)∆)Zk∆
)2 = 1
n2
∑
k ❡✈❡♥
E
(
ϕ2λ(Y¯(k−1)∆)Z
2
k∆
)
+
2
n
∑
k<l ❡✈❡♥
E
[
ϕ(Y¯(k−1)∆)ϕ(Y¯(l−1)∆)Zk∆E (Zl∆|Gl∆)
]
.
❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ♥✉❧❧✱ ❛♥❞✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✶ ✭✐✐✮✱ ✇❡ ❤❛✈❡✿
E

( 1
n
∑
k ❡✈❡♥
ϕλ(Y¯(k−1)∆)Zk∆
)2 = 1
n2
∑
k ❡✈❡♥
E
[
ϕ2λ(Y¯(k−1)∆)E
(
Z2k∆
∣∣Gk∆)]
≤ cσ
4
0
n
E
(
‖ϕλ‖2n
)
.
❆s t❤❡ ❢✉♥❝t✐♦♥s (ϕλ)λ∈Λm ❛r❡ ♦rt❤♦♥♦r♠❛❧ ✭❢♦r t❤❡ L
2
p˜i ♥♦r♠✮✱ ❢♦r ❛♥② λ ∈ Λm✱ E
(
‖ϕλ‖2n
)
=
‖ϕλ‖2p˜i = 1✳ ■t ❢♦❧❧♦✇s t❤❛t✿
E

( 1
n
∑
k ❡✈❡♥
Zk∆ϕλ(Y¯(k−1)∆)
)2 ≤ cσ40
n
.
✶✷
❆ s✐♠✐❧❛r r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ❢♦r E
[(
1
n
∑
k ♦❞❞ Zk∆ϕλ(Y¯(k−1)∆)
)2]
✳ ❍❡♥❝❡
E
(
ν2n (ϕλ)
) ≤ cσ40
n
,
❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✻✮✱
E
(
sup
t∈Bm
ν2n(t)
)
≤ cσ
4
0Dm
n
. ✭✶✼✮
■♥ t❤❡ s❛♠❡ ✇❛②✿
E
(
ρ2n(ϕλ)
) ≤ 2E

( 1
n
∑
k ❡✈❡♥
Rk∆ϕλ(Y¯(k−1)∆)
)2+ 2E

( 1
n
∑
k ♦❞❞
Rk∆ϕλ(Y¯(k−1)∆)
)2
✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Rk∆ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✼✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r k ≤ l − 2✳ ❚❤❛♥❦s t♦ t❤❡
❧❛❣✱ Rl∆ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Rk∆✱ Y¯(k−1)∆✱ Y¯(l−1)∆ ❛♥❞ Y¯(k−1)∆ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Rk∆✳ ❍❡♥❝❡✿
E

( 1
n
∑
k ❡✈❡♥
Rk∆ϕλ(Y¯(k−1)∆)
)2 = 2
n2
∑
k<l ❡✈❡♥
E(ϕλ(Y¯(k−1)∆)ϕλ(Y¯(l−1)∆)Rk∆)E(Rl∆)
+
1
n2
∑
k ❡✈❡♥
E(ϕ2λ(Y¯(k−1)∆))E(R
2
k∆)
=
1
n2
∑
k ❡✈❡♥
E(ϕ2λ(Y¯(k−1)∆))E(R
2
k∆)
❲❡ ❦♥♦✇ t❤❛t E
(
ϕ2λ(Y¯(k−1)∆)
)
= 1✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ✭✐✮✱ E
(
R2k∆
) ≤ cτp2∆2 + cτ44p3∆2 ✳ ❙♦
E
(
ρ2n(ϕλ)
) ≤ cτ4
np2∆2
+
cτ44
np3∆2
,
❛♥❞
E
(
sup
t∈Bm
ρ2n(t)
)
≤ c τ
4Dm
np2∆2
.
❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡
E
(
ξ2n(ϕλ)
) ≤ 2E

( 1
n
∑
k ❡✈❡♥
Sk∆ϕλ(Y¯(k−1)∆)
)2+ 2E

( 1
n
∑
k ♦❞❞
Sk∆ϕλ(Y¯(k−1)∆)
)2
❚❤❡ t❡r♠ Sk∆ = 2
ε¯k+1−ε¯k
∆ J¯k (σ) ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s✳ ▼♦r❡♦✈❡r✱ ❢♦r k ≤ l+2✱
(ε¯l+1 − ε¯l) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Y¯(l−1)∆✱ Y¯(k−1)∆ ❛♥❞ Sk∆✳ ❲❡ ❤❛✈❡
E

( 1
n
∑
k ❡✈❡♥
Sk∆ϕλ(Y¯(k−1)∆)
)2 = 1
n2∆2
∑
k ❡✈❡♥
E
[
ϕ2λ(Y¯(k−1)∆)E
(
J¯2k (σ)
∣∣Gk∆)]E [(ε¯l+1 − ε¯l)2]
≤ cτ
2σ20
np∆
.
✶✸
❙♦
E
(
sup
t∈Bm
ξ2n(t)
)
≤ cτ
2σ20Dm
np∆
.
❍❡♥❝❡✿
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωn
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 + cDmn
(
σ20 +
τ2
p∆
)2
+ C ′
(
1
p
+
1
Np∆
+∆
)
.
■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ r✐s❦ ♦♥ Ωcn✳
▲❡♠♠❛ ✸✳
■❢ n∆/ ln2(n)→∞ ❛♥❞ Dn ≤ cn∆/ ln2(n)✱ t❤❡♥
P(Ωcn) ≤
1
n2
.
❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ ❙❝❤♠✐ss❡r ✭✷✵✵✾❜✮ s❡❝t✐♦♥ ❆✳✷✳
▲❡t ✉s s❡t ek∆ = Tk∆ − σ2(Y¯(k−1)∆)✱ e = (e∆, . . . , en∆)∗ ❛♥❞ ΠmT = Πm (T∆, . . . , Tn∆)∗✱
✇❤❡r❡ v∗ ✐s t❤❡ tr❛♥s♣♦s❡ ♦❢ v ❛♥❞ Πm ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ (T∆, . . . , Tn∆)∗ ♦♥{(
t(Y¯0), . . . , t(Y¯(n−1)∆)
)∗
, t ∈ Sm
}
✳ ❲❡ ❤❛✈❡
∥∥σˆ2m − σ2A∥∥2n = ∥∥ΠmT − σ2A∥∥2n ≤ 2∥∥σ2A −Πmσ2A∥∥2n + 2∥∥Πmσ2A −ΠmT∥∥2n
≤ 2∥∥σ2A∥∥2n + 2 ‖Πme‖2n ≤ 2∥∥σ2A∥∥2n + 2 ‖e‖2n .
❙tr✐❝t st❛t✐♦♥❛r✐t② ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t② ✐♠♣❧② t❤❛t
E
(∥∥σ2A∥∥2n ✶Ωcn
)
≤
√
P (Ωcn)E
(
σ8A(Y¯0)
) ≤ c
n
❛♥❞
E
(
‖e‖2n ✶Ωcn
)
≤
√
P (Ωcn)E (e
4
∆),
✇❤❡r❡ e4∆ ≤ c
(
A4∆ +B
4
∆ +R
4
∆ + Z
4
∆ + S
4
∆
)
✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✶ ❛♥❞ ▲❡♠♠❛ ✷ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωcn
)
≤ c
n
((
1 +
1
p∆
)2
+
1
p
+∆
)
. ✭✶✽✮
❈♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥ ✭❛s np2∆2 →∞✮✿
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 + CDmn
(
σ20 +
τ2
p∆
)2
+ C ′
(
∆+
1
p
+
1
n
(
1 +
1
p∆
)2)
.
✺✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷
❚❤❡ ❜♦✉♥❞ ♦❢ t❤❡ r✐s❦ ♦♥ Ωcn ✐s ♦❜t❛✐♥❡❞ ❡①❛❝t❧② ❛s ❢♦r m ✜①❡❞✱ s♦ ✇❡ ♦♥❧② ❜♦✉♥❞ t❤❡ r✐s❦ ♦♥
Ωn✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❜❛❧❧ Bm,m′ = {t ∈ Sm + Sm′ , ‖t‖p˜i ≤ 1} . ❇② ❞❡✜♥✐t✐♦♥ ♦❢ mˆ✱ ❢♦r ❛♥②
m ∈ Mn✱ ∥∥σˆ2mˆ − σ2A∥∥2n + pen(mˆ) ≤ ∥∥σˆ2m − σ2A∥∥2n + pen(m).
✶✹
❯s✐♥❣ ▲❡♠♠❛s ✶ ❛♥❞ ✷✱ ✇❡ ♦❜t❛✐♥
E
(∥∥σˆ2mˆ − σ2A∥∥2n ✶Ωn
)
≤ 3p˜i1
∥∥σ2m − σ2A∥∥2L2 + 2E (pen(m)− pen(mˆ))
+ 72E
(
sup
t∈Bm,mˆ
(
ν2n(t) + ρ
2
n(t) + ξ
2
n(t)
)
✶Ωn
)
+ C
(
∆+
1
p
+
1
n
(
1 +
1
p∆
)2)
.
■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t❡r♠s E
(
supt∈Bm,mˆ ν
2
n(t)
)
✱ E
(
supt∈Bm,mˆ ρ
2
n(t)
)
❛♥❞ E
(
supt∈Bm,mˆ ξn(t)
)
✳
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s
p1(m,m
′) =
κ1σ
4
0 (Dm +Dm′)
n
, p2(m,m
′) =
κ2υ
4 (Dm +Dm′)
np2∆2
,
p3(m,m
′) =
κ3υ
2σ20 (Dm +Dm′)
np∆
❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❡♥❛❧t✐❡s
pen(m) :=
36κ1σ
4
0Dm
n
+
36κ2υ
4Dm
np2∆2
+
36κ3υ
2σ20Dm
np∆
:= pen1(m) + pen2(m) + pen3(m).
❲❡ ❤❛✈❡
E : = E
(
36 sup
t∈Bm,mˆ
ν2n(t) + (pen1(m)− pen1(mˆ))✶Ωn
)
≤ E
(
36 sup
t∈Bm,mˆ
(
ν2n(t)− p1(m, mˆ)✶Ωn
)
+ (pen1(m)− pen1(mˆ) + 36p1(m, mˆ))✶Ωn
)
.
❆s [
sup
t∈Bm,mˆ
ν2n(t)− p1(m, mˆ)
]
+
≤
∑
m′∈Mn
[
sup
t∈Bm,m′
ν2n(t)− p1(m,m′)
]
+
,
✇❡ ♦❜t❛✐♥
E ≤ E
(
36
∑
m′∈Mn
[
sup
t∈Bm,m′
ν2n(t)− p1(m,m′)
]
+
✶Ωn + 2pen1(m)✶Ωn
)
. ✭✶✾✮
▲✐❦❡✇✐s❡✱
F : = E
(
36 sup
t∈Bm,mˆ
ρ2n(t) + (pen2(m)− pen2(mˆ))✶Ωn
)
≤ E
(
36
∑
m′∈Mn
[
sup
t∈Bm,m′
ρ2n(t)− p2(m,m′)
]
+
✶Ωn + 2pen2(m)✶Ωn
)
✭✷✵✮
❛♥❞
G : = E
(
36 sup
t∈Bm,mˆ
ξ2n(t) + (pen3(m)− pen3(mˆ))✶Ωn
)
≤ E
(
36
∑
m′∈Mn
[
sup
t∈Bm,m′
ξ2n(t)− p3(m,m′)
]
+
✶Ωn + 2pen3(m)✶Ωn
)
✭✷✶✮
✶✺
▲❡♠♠❛ ✹✳
❚❤❡r❡ ❡①✐sts ❛ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t c1 s✉❝❤ t❤❛t✱ ✐❢ ❆ss✉♠♣t✐♦♥ ✸ ✐s s❛t✐s✜❡❞✿
E
(
|Zk∆|l
∣∣∣Gk∆) ≤ (σ0c1)2l ll
✇❤❡r❡ Gk∆ ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✺✮✳ ❚❤❡ ✈❛r✐❛❜❧❡s Zk∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✳
Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱
Zk∆ =
1
∆

J¯2k∆(σ)− 1p2
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
σ2 (Xs) ds

 ,
s♦
E
(
|Zk∆|l
)
≤ 2
l
∆l

1
p
p∑
j=1
E


(∫ (k+1)∆+jδ
k∆+jδ
σ(Xs)dWs
)2l
+
+
1
p2
∑
i,j
E

(∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
σ2 (Xs)
)l ds




❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❇✉r❦❤ö❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✇✐t❤ ♦♣t✐♠❛❧ ❝♦♥st❛♥t✱ ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷ ♦❢
❇❛r❧♦✇ ❛♥❞ ❨♦r ✭✶✾✽✷✮✮✱ ✇❡ ❤❛✈❡✿
E
(
|Zk∆|l
)
≤ 2
l+1
∆l

1
p
p∑
j=1
(2l)lc2lσ2l0 ∆
l

 ≤ 2 (2σ0C)2l ll.
▲❡♠♠❛ ✺✳
■❢ ❆ss✉♠♣t✐♦♥s ✺ ❛♥❞ ✽ ❛r❡ s❛t✐s✜❡❞✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c2 s✉❝❤ t❤❛t
E
(
|Rk∆|l
∣∣∣Gk∆) ≤ (υc2)2l ll
pl∆l
.
❚❤❡ ✈❛r✐❛❜❧❡s Rk∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✳
Pr♦♦❢✳ ❚❤❡ ✈❛r✐❛❜❧❡s Rk∆ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ Gk∆✱ s♦ E
(
|Rk∆|l
∣∣∣Gk∆) = E(|Rk∆|l)✳ ❲❡ ❤❛✈❡
E
(
|Rk∆|l
)
=
1
∆l
E
[∣∣∣(ε¯k+1 − ε¯k)2 − 2τ2/p∣∣∣l
]
≤ 2
l
∆l
(
22l+1E
(
ε¯2lk
)
+
2lτ2l
pl
)
≤ 4
l
∆lpl

2l+1E

 1
pl

 p∑
j=1
εkp+j


2l

+ τ2l

 .
❆❝❝♦r❞✐♥❣ t♦ ❆ss✉♠♣t✐♦♥ ✽✱ τ2 ≤ υ2✳ ▼♦r❡♦✈❡r✱ ❛s E
(
ε2l+1kp+j
)
= 0 ❢♦r ❛♥② l✱ ✇❡ ❝❛♥ ✇r✐t❡✿
E



 p∑
j=1
εkp+j


2l

 = ∑
1≤j1,...,jl≤p
E
(
ε2kp+j1 . . . ε
2
kp+jl
)
=
∑
P
aj=l
E
(
ε2a1kp+1 . . . ε
2ap
kp+p
)
.
✶✻
❆❝❝♦r❞✐♥❣ t♦ ❆ss✉♠♣t✐♦♥ ✽✱
E



 p∑
j=1
εkp+j


2l

 ≤ υ2l ∑
P
aj=l
aa11 . . . a
ap
p ≤ υ2l
∑
P
aj=l
ll ≤ plllυ2l.
❙♦
E
(
|Rk∆|l
)
≤ cl l
lυ2l
∆lpl
✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t✳
▲❡♠♠❛ ✻✳
■❢ ❆ss✉♠♣t✐♦♥s ✸✱ ✺ ❛♥❞ ✽ ❛r❡ s❛t✐s✜❡❞✿
E
(
S2lk∆
∣∣Gk∆) ≤ (2c1c2υσ0)2l l2l
∆lpl
❛♥❞
E
(
S2l+1k∆
∣∣Gk∆) = 0
❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Sk∆ ❛r❡ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✳
Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱
Sk∆ =
2
∆
(ε¯k+1 − ε¯k) J¯k (σ) .
❙♦✱ E
(
S2l+1k∆
∣∣Gk∆) = 22l+1∆−lE [(ε¯k+1 − ε¯k)2l+1]E [(J¯k (σ))2l+1∣∣∣Gk∆] = 0✳ ▼♦r❡♦✈❡r✱ ❜② ✐♥✲
❞❡♣❡♥❞❡♥❝❡✿
E
(
S2lk∆
∣∣Gk∆) = 22l∆−2lE [(ε¯k+1 − ε¯k)2l]E [(J¯k (σ))2l∣∣∣Gk∆]
❛♥❞✱ t❤❛♥❦s t♦ ▲❡♠♠❛s ✹ ❛♥❞ ✺✱ ✇❡ ❞❡❞✉❝❡✿
E
(
S2lk∆
) ≤ (2c1c2)2l (υσ0)2l l2l
∆lpl
.
▲❡♠♠❛ ✼✳
▲❡t ✉s ❝♦♥s✐❞❡r fn : Sm,m′ := Sm + Sm′ → R s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ∈ Sm,m′ ✱
fn(t) =
1
n
n∑
k=1
Uk∆t
(
Y¯(k−1)∆
)
✇❤❡r❡ Uk∆ ❛r❡ ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ G(k+2)∆✲♠❡❛s✉r❛❜❧❡✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ
s✉❝❤ t❤❛t
E
(
U lk∆
∣∣Gk∆) ≤ γlll,
t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ > 0 s✉❝❤ t❤❛t
E
[
sup
t∈Bm,m′
f2n(t)−
κγ2 (Dm +Dm′)
n
]
+
≤ κγ
2e−(Dm+Dm′ )
n
✶✼
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛s ✹✲✻✱ t❤❡ ♣r♦❝❡ss❡s νn(t)✱ ρn(t) ❛♥❞ ξn(t) s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢
▲❡♠♠❛ ✼ ✇✐t❤ r❡s♣❡❝t✐✈❡❧② γ = σ20c
2
1✱ γ = υ
2c22/(p∆) ❛♥❞ γ = 2c1c2υσ0/
√
p∆✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st
❝♦♥st❛♥ts κ1✱ κ2 ❛♥❞ κ3 s✉❝❤ t❤❛t
E
[
sup
t∈Bm,m′
ν2n(t)−
κ1σ
4
0 (Dm +Dm′)
n
]
+
≤ κ1σ
4
0e
−(Dm+Dm′ )
n
,
E
[
sup
t∈Bm,m′
ρ2n(t)−
κ2υ
4 (Dm +Dm′)
np2∆2
]
+
≤ κ2υ
4e−(Dm+Dm′ )
np2∆2
❛♥❞
E
[
sup
t∈Bm,m′
ξ2n(t)−
κ3υ
2σ20 (Dm +Dm′)
np∆
]
+
≤ κ3υ
2σ20e
−(Dm+Dm′ )
np∆
.
❆s
∑
m′ e
−Dm′ ≤ 1✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✷✮✱ ✭✶✸✮✱ ✭✷✵✮ ❛♥❞ ✭✷✶✮✱ ✇❡ ❤❛✈❡
E ≤ 36κ1σ
4
0
n
, F ≤ 36 κ2υ
4
np2∆2
❛♥❞ G ≤ 36κ3υ
2σ20
np∆
.
❙♦
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ C inf
m∈Mn
(∥∥σˆ2m − σ2A∥∥2n + pen(m)
)
+
c
n
(
τ2 +
υ2
p∆
)2
+ C∆+
C
p
.
✺✳✸✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼
❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❡ ❧❡♠♠❛
▲❡♠♠❛ ✽✳
❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts α1 ❛♥❞ α2 s✉❝❤ t❤❛t✱ ✐❢ ‖t‖∞ ≤ cζ✱
P
(
fn(t) ≥ η, ‖t‖2n ≤ ζ2
)
≤ 2 exp
(
− η
2n
(α1γ2ζ2 + 2cα2γηζ)
)
.
Pr♦♦❢✳ ❲❡ ❝❛♥ ✇r✐t❡
h := E
(
exp(λt
(
Y¯(k−1)∆
)
Uk∆
∣∣Gk∆) = 1 + +∞∑
l=2
λl
l!
tl
(
Y¯(k−1)∆
)
E
(
U lk∆
∣∣Gk∆) ,
s♦
h ≤ 1 +
+∞∑
l=2
clγlλl
ll
l!
tl
(
Y¯(k−1)∆
)
.
❆s l
l
l! ≤ el−1✱ ✇❡ ❤❛✈❡
h ≤ 1 + e−1
+∞∑
l=2
(cγλe)
l
tl
(
Y¯(k−1)∆
)
.
❙♦✱ ❢♦r ❛♥② λ < λ1 = 1/(cγe ‖t‖∞)✱
h ≤ 1 + e−1 (cγλe)
2
t2
(
Y¯(k−1)∆
)
1− cγλe ‖t‖∞
,
✶✽
❛♥❞✱ s❡tt✐♥❣ α = (cγ)2e✱ ✇❡ ♦❜t❛✐♥
h ≤ 1 + αλ
2t2
(
Y¯(k−1)∆
)
1− λ/λ1 ≤ exp
(
αλ2t2
(
Y¯(k−1)∆
)
1− λ/λ1
)
. ✭✷✷✮
▲❡t ✉s s❡t
f
(1)
l (t) =
∑
k≤l ❡✈❡♥
Uk∆t
(
Y¯(k−1)∆
)
, f
(2)
l (t) =
∑
k≤l ♦❞❞
Uk∆t
(
Y¯(k−1)∆
)
.
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❚❝❤❡❜✐t❝❤❡✈ ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛♥② i ∈ {1, 2} ❛♥❞ 0 ≤ λ < λ1✿
F1 := P
(
f (i)n (t) ≥
ηn
2
, ‖t‖2n ≤ ζ2
)
≤ P
[
exp
(
λf (i)n (t)−
αλ2n
1− λ/λ1 ‖t‖
2
n
)
≥ exp
(
ληn
3
− αλ
2ζ2n
1− λ/λ1
)]
≤ exp
(
−ληn
2
+
αλ2ζ2n
1− λ/λ1
)
E
[
exp
(
λf (i)n (t)−
αλ2n
1− λ/λ1 ‖t‖
2
n
)]
. ✭✷✸✮
■❢ n ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ ✷✱ ✇❡ ❤❛✈❡✱ ❛s U(n−2)∆ ❡st Gn∆✲♠❡❛s✉r❛❜❧❡✱
F2 := E
[
exp
(
λf (1)n (t)−
αλ2n
1− λ/λ1 ‖t‖
2
n
)]
= E
{
exp
(
λf
(1)
n−2(t)−
αλ2
1− λ/λ1
n−1∑
k=1
t2
(
Y¯(k−1)∆
))
E
[
exp
(
λUn∆t
(
Y¯ (n−1)∆
)− αλ2
1− λ/λ1 t
2
(
Y¯(n−1)∆
))∣∣∣∣Gn∆
]}
❙♦✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✷✮✿
E
[
exp
(
λf (1)n (t)−
αλ2n
1− λ/λ1 ‖t‖
2
n
)]
≤ E
[
exp
(
λf
(1)
n−2(t)−
αλ2
1− λ/λ1
n−2∑
k=1
t2
(
Y¯(k−1)∆
))]
.
❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥
E
[
exp
(
λf (1)n (t)−
αλ2n
1− λ/λ1 ‖t‖
2
n
)]
≤ 1.
❲❡ ❝❛♥ ♣r♦✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t E
[
exp
(
λf
(2)
n (t)− αλ2n1−λ/λ1 ‖t‖
2
n
)]
≤ 1✳ ▼♦r❡♦✈❡r✱ ❛s
P
(
fn(t) ≥ η, ‖t‖2n ≤ ζ2
)
≤
2∑
i=1
P
(
f (i)n (t) ≥
η
2
, ‖t‖2n ≤ ζ2
)
,
✇❡ ♦❜t❛✐♥✱ t❤❛♥❦s t♦ ✭✷✸✮✱
P
(
fn(t) ≥ cn, ‖t‖2n ≤ c′
)
≤ 2 exp
(
−ληn
2
+
αλ2ζ2n
1− λ/λ1
)
.
▲❡t ✉s s❡t λ = η/
(
4αζ2 + η/λ1
)
✳ ■♥ t❤❛t ❝❛s❡✱ λ < λ1 ❛♥❞
P
(
fn(t) ≥ η, ‖t‖2n ≤ ζ2
)
≤ 2 exp
(
− η
2n
4 (4αζ2 + η/λ1)
)
.
❙✉❜st✐t✉t✐♥❣ α ❛♥❞ λ1✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣r❡❞✐❝t❡❞ r❡s✉❧t✳
✶✾
❲❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳ ■♥ t❤✐s ♣r♦♦❢✱ C ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ✈❛r② ❢r♦♠ ♦♥❡
❧✐♥❡ t♦ ❛♥♦t❤❡r✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Sm,m′ ✐s D = max(Dm,Dm′)✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ♦rt❤♦♥♦r♠❛❧
✭❢♦r t❤❡ L2p˜i ♥♦r♠✮ ❜❛s✐s (ψλ)λ∈Λm ♦❢ Sm,m′ s✉❝❤ t❤❛t
∀λ, ❝❛r❞ ({λ′, ‖ψλψλ′‖ 6= 0}) ≤ φ2 = 3(r − 1).
✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✮✳ ▲❡t ✉s s❡t
r¯m,m′ =
1√
D
sup
β 6=0
‖∑λ βλψλ‖∞
|β|∞
.
■t ❝❛♥ ❡❛s✐❧② ❜❡ ♣r♦✈❡❞ t❤❛t∥∥∥∥∥
∑
λ
βλψλ
∥∥∥∥∥
∞
≤ 3(r − 1) |β|∞ sup
λ
‖ψλ‖∞ ❛♥❞ ‖ψλ‖∞ ≤
√
D ‖ψλ‖L2 ≤ p˜i1
√
D ‖ψλ‖p˜i .
❙♦
r¯m,m′ ≤ r¯ = 3(r − 1)p˜i1.
❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❡①❛❝t❧② ▲❡♠♠❛ ✾ ✐♥ ❇❛rr♦♥ ❡t ❛❧✳ ✭✶✾✾✾✮✳
❘❡s✉❧t ✶✳ ❚❤❡r❡ ❡①✐st δk✲❧❛tt✐❝❡s Tk ♦❢ L
2
p˜i ∩ (Sm + Sm′) s✉❝❤ t❤❛t
|Tk ∩Bm,m′ | ≤
(
5/δk
)D
✇❤❡r❡ δk = 2
−k/5 ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② pk(u) t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ u ♦✈❡r Tk✳ ❋♦r ❛♥② u ∈ Sm,m′ ✱
‖u− pk(u)‖p˜i ≤ δk ❛♥❞
sup
u∈p−1
k
(t)
‖u− t‖∞ ≤ r¯m,m′δk ≤ 3(r − 1)p˜i1δk.
▲❡t ✉s s❡t Hk = ln(|Tk ∩B,′ |)✳ ❲❡ ❤❛✈❡
Hk ≤ D ln(5/δk) = D (k ln(2) + ln(5/δ0)) ≤ C(k + 1)D.
❋♦r ❛♥② ❢✉♥❝t✐♦♥ u ∈ Bm,m′ ✱ t❤❡r❡ ❡①✐sts ❛ s❡r✐❡s (uk)k≥0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② k✱ uk ∈ Tk ∩Bm,m′ ✱
‖u− uk‖p˜i ≤ δk ❛♥❞ ‖u− uk‖∞ ≤ r¯δk✳ ❚❤❡♥✱ u ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s u = u0 +
∑∞
k=1 (uk − uk−1)✳
▲❡t ✉s s❡t
Ek = {uk ∈ Tk ∩Bm,m′ , ‖u− uk‖p˜i ≤ δk ❛♥❞ ‖u− uk‖∞ ≤ cδk} .
❖❢ ❝♦✉rs❡✱ |Ek| ≤ Hk✳ ▲❡t ✉s s❡t Pn(.) = P (. ∩ Ωn) ❛♥❞ ❝♦♥s✐❞❡r ❛ s❡r✐❡s (ηk)k≥0 s✉❝❤ t❤❛t
η0 +
∑∞
k=1 ηk ≤ η. ❲❡ ❤❛✈❡
Pn
(
sup
u∈Bm,m′
fn(u) > η
)
≤ Pn
(
∃(uk), fn(u0) +
∞∑
k=1
fn(uk − uk−1) > η0 +
∞∑
k=1
ηk
)
≤
∑
u0∈E0
Pn (fn(u0) > η0) +
∞∑
k=1
∑
uk∈Ek
Pn (fn(uk − uk−1) > η0)
≤ P1 +
∞∑
k=1
P2,k.
✷✵
❆s u0 ∈ T0✱ ‖u0‖p˜i ≤ 1 ❛♥❞ ‖u0‖∞ ≤ r¯✳ ❚❤❡ ♥♦r♠s ‖.‖n ❛♥❞ ‖.‖p˜i ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ ‖u0‖2n ≤
3/2‖u0‖2p˜i ≤ 3δ0/2✳ ❚❤❡♥
Pn (fn(u0) > η0) = Pn
(
fn(u0) > η0, ‖u0‖2n ≤ 3δ0/2
)
.
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✽✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c′1 ❛♥❞ c
′
2 s✉❝❤ t❤❛t
Pn (fn(u0) > η0) ≤ exp
(
− nη
2
0
c′1γ2 + 2c
′
2γη0
)
.
▲❡t ✉s ✜① x0 s✉❝❤ t❤❛t η0 = γ
(√
c′1x0 + c
′
2x0
)
✳ ❲❡ ❤❛✈❡
x0 ≤ η
2
0
c′1γ2 + 2c
′
2γη0
❛♥❞
Pn (fn(u0) > η0) ≤ exp (−nx0) .
❍❡♥❝❡✱
P1 ≤ exp (H0 − nx0) .
▲✐❦❡✇✐s❡✱ ‖uk − uk−1‖p˜i ≤ ‖u− uk−1‖p˜i+‖u− uk‖p˜i ≤ (2−(k−1)+2−k)δ0 = 2−k3δ0✱ s♦ ‖uk − uk−1‖2n ≤
14δ20 2
−2k✳ ▼♦r❡♦✈❡r✱ ‖uk − uk−1‖∞ ≤ (δk−1 + δk) r¯ = 3.2−kδ0r¯✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✱ t❤❡r❡
❡①✐st ❝♦♥st❛♥ts c3 ❛♥❞ c4 s✉❝❤ t❤❛t✿
Pn (fn(uk − uk−1) > ηk) = Pn
(
fn(uk − uk−1) > ηk, ‖uk − uk−1‖2n ≤ C2−2k
)
≤ exp
(
− nη
2
k
c3γ22−2k + 2c4γ2−k
)
.
❋✐① xk s✉❝❤ t❤❛t ηk = 2
−k (√c3xk + c4xk)✳ ❲❡ ❤❛✈❡
xk ≤ η
2
k
c3γ22−2k + 2c4γ2−k
❛♥❞
Pn (fn(uk − uk−1) > ηk) ≤ exp (−nxk) .
❍❡♥❝❡✱ P2,k ≤ exp (Hk−1 +Hk − nxk) ❛♥❞ P2 =
∑∞
k=1 P2,k ≤
∑∞
k=1 exp (Hk−1 +Hk − nxk) .
▲❡t ✉s ✜① τ > 0 ❛♥❞ t❤❡ s❡r✐❡s (xk) ✭s♦ t❤❡ s❡r✐❡s (ηk)✮ s✉❝❤ t❤❛t{
nx0 = H0 +D + τ
nxk = Hk−1 +Hk + (k + 1)D + τ
❲❡ ❤❛✈❡
Pn
(
sup
u∈Bm,m′
fn(u) > η
)
≤ e−τ
∞∑
k=1
exp (−(k + 1)D) ≤ e−τ e
−D
1− e−D ≤ 1.6e
−De−τ .
■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ η2✳ ❍❡r❡✱ C ❞❡♥♦t❡s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❝❛♥ ✈❛r② ❢r♦♠ ♦♥❡ ❧✐♥❡ t♦ ❛♥♦t❤❡r
❜✉t ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ γ✳ ❲❡ ❤❛✈❡
η =
∞∑
k=0
ηk ≤ Cγ
( ∞∑
k=0
2−k+1
(√
xk + xk
))
.
✷✶
❲❡ r❡❝❛❧❧ t❤❛t Hk = C(k + 1)D✳ ❚❤❡♥✱ nxk = C(3k + 2)D + τ ❛♥❞
∞∑
k=0
2−k+1xk ≤ 1
n
∞∑
k=0
2−k(C(3k + 2)D + τ) ≤ CD + τ
n
.
▼♦r❡♦✈❡r✱
∞∑
k=0
2−k+1
√
xk ≤ C
√
D +
√
τ√
n
.
❆s D/n ≤ 1✿
η2 ≤ Cγ2
(
D
n
+ 2
τ
n
+
τ2
n2
)
.
❙♦
Pn
(
sup
u∈Bm,m′
f2n(u) > Cγ
2
(
D
n
+ 2
τ
n
+
τ2
n2
))
≤ 1.6e−D−τ . ✭✷✹✮
❇❡s✐❞❡s✱
E := E
([
sup
u∈Bm,m′
f2n(u)− Cγ2
D
n
]
+
✶Ωn
)
=
∫ ∞
0
Pn
(
sup
u∈Bm,m′
f2n(u) > Cγ
2D
n
+ τ
)
dτ
❙✉❜st✐t✉t✐♥❣ τ = Cγ2
(
2y/n+ y2/n2
)
✱ ✇❡ ✜♥❞ t❤❛t
E = Cγ2
∫ n
0
Pn
(
sup
u∈Bm,m′
f2n(u) > Cγ
2
(
D
n
+ 2
y
n
+
y2
n2
))(
2
n
+
2y
n2
)
dy.
❆❝❝♦r❞✐♥❣ t♦ ✭✷✹✮✱
E = 2Cγ2e−D
(
1
n
∫ ∞
0
e−ydy +
1
n2
∫ ∞
0
ye−ydy
)
≤ Cγ
2
n
e−D.
✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳
✺✳✹ Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✸
■t ✐s ♥♦✇ ❛ss✉♠❡❞ t❤❛t p∆ → ∞✳ ▲❡t ✉s s❡t en,m = En
(
σˆ2m − σ2m
)
+ ρn
(
σˆ2m − σ2m
)
✳ ❖♥❡ ❝❛♥
❡❛s✐❧② ♦❜t❛✐♥ t❤❛t
∥∥σˆ2m − σ2A∥∥2n ≤ ∥∥σ2m − σ2A∥∥2n + 2νn (σˆ2m − σ2m)+ 2en,m.
❲❡ ♦❜t❛✐♥✱ ♦♥ Ωn✱
∥∥σˆ2m − σ2A∥∥2n ≤ 3∥∥σˆ2m − σ2m∥∥2n + 24 sup
t∈Bm
ν2n(t) +
96
n
n∑
k=1
(
A2k∆ +B
2
k∆ +R
2
k∆ + S
2
k∆
)
.
✷✷
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ❛♥❞ ✐♥❡q✉❛❧✐t② ✭✶✼✮✱
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωn
)
≤ cσ
4
0Dm
n
+ C
(
1
p2∆2
+
1
p∆
+
1
p
+∆
)
.
❚❤❛♥❦s t♦ ✭✶✽✮✱ ❛♥❞✱ ❛s p∆→∞✱ ✇❡ ❤❛✈❡✱ ♦♥ Ωcn✱
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωcn
)
≤ C
n
.
❈♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ✜♥❞ t❤❛t
E
(∥∥σˆ2m − σ2A∥∥2n ✶Ωn
)
≤ cσ
4
0Dm
n
+ C
(
1
p2∆2
+
1
p∆
+
1
p
+∆+
1
n
)
.
▲❡t ✉s s❡t
p(m,m′) = p1(m,m′) =
κσ40
n
(Dm +Dm′) , pen(m) =
24κσ40Dm
n
❛♥❞
E′ = E
[(
24 sup
t∈Bm,mˆ
ν2n(t) + (pen(m)− pen(mˆ))
)
✶Ωn
]
.
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ t❤❡r❡ ❡①✐sts κ s✉❝❤ t❤❛t✿
E′ ≤ 24κσ
4
0
n
+ 2pen(m),
t❤❡♥
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ C inf
m∈Mn
(∥∥σ2m − σ2A∥∥2L2 + pen(m)
)
+ C
(
1
n
+
1
p2∆2
+
1
p∆
+
1
p
+∆
)
.
❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ♠✐♥✐♠✉♠ ✇❤❡♥ 1p∆ = ∆✱ ✭♦r ✇❤❡♥ p = ∆
−2 = δ−2/3✮✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡✿
E
(∥∥σˆ2m − σ2A∥∥2n
)
≤ C inf
m∈Mn
(∥∥σ2m − σ2A∥∥2L2 + pen(m)
)
+ C
(
1
n
+ δ1/3
)
.
❆ Pr♦♦❢s ♦❢ ▲❡♠♠❛s ✷ ❛♥❞ ✶
❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❍❛❧❧ ❛♥❞ ❍❡②❞❡ ✭✶✾✽✵✮ t❤❡♦r❡♠ ✷✳✶✷ ♣✳✷✸✮✳
❚❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t②
▲❡t (η1, . . . , ηn) ❜❡ ❝❡♥tr❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t E (|ηi|p) <∞✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts
❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t rp s✉❝❤ t❤❛t
E
(∣∣∣∣∣
n∑
i=1
ηi
∣∣∣∣∣
p)
≤ rp

 n∑
i=1
E |ηi|p +
(
n∑
i=1
E
(
η2i
))p/2 .
✷✸
❆✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶
✭✐✮ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❇✉r❦❤ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❡q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✾✮✿
E
(
Z2k∆
∣∣Gk∆) ≤ 8
∆2
E



1
p
p∑
j=1
(∫ (k+1)∆+jδ
k∆+jδ
σ(Xs)dWs
)4
+
+
1
p2
∑
i,j
(∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
σ2(Xs)ds
)2
∣∣∣∣∣∣Gk∆


≤ cσ40 .
❛♥❞ E
(
Z4k∆
) ≤ cσ80 ✳
✭✐✐✮ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t② ❛♥❞ ❡q✉❛t✐♦♥ ✭✼✮✱
E
(
R2k∆
) ≤ 1
∆2
E
(
(ε¯k+1 − ε¯k)4
)
≤ cτ
4
p2∆2
+
cτ44
p3∆2
❛♥❞ E
(
R4k∆
) ≤ cτ8/p4∆4 + cτ88 /(p7∆4)✳
✭✐✐✐✮ ❆s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (ε¯k) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)t≥0 ,
E
[
J¯2k (σ)
∣∣Gk∆] = E

(∫ (k+2)∆
k∆+δ
Hσk (s)dWs
)2∣∣∣∣∣∣Gk∆

 ≤ c∆σ20 .
❛♥❞
E
[
(Sk∆)
2
]
=
1
∆2
E
[
(ε¯k − ε¯k−1)2
]
E
[
J¯2k (σ)
]
✇❤❡r❡ Sk∆ ✐s ❞❡✜♥❡❞ ❜② ✭✽✮ ❛♥❞ J¯k(t) ❜② ✭✾✮✳ ❆s E
[
(ε¯k − ε¯k−1)2
]
= τ2/p✱
E
[
(Sk∆)
2
]
≤ cτ2σ20/(p∆).
❲❡ ❝❛♥ ♣r♦✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t E
[
(Sk∆)
4
]
≤ cτ4σ40/(p2∆2)✳
✭✐✈✮ ❇② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ st❛t✐♦♥❛r✐t② ❛♥❞ ✭✶✵✮
E
((
A
(1)
k∆
)2)
≤ 1
p∆2
p∑
j=1
(∫ (k+1)∆+jδ
k∆+jδ
b(Xs)ds
)4
≤ ∆
p
p∑
j=1
∫ (k+1)∆+jδ
k∆+jδ
b4(Xs)ds
≤ ∆2E (b4 (X0)) .
▲✐❦❡✇✐s❡✱ E
((
A
(1)
k∆
)4)
≤ ∆4E (b8(X0)) . ▼♦r❡♦✈❡r✱
E
((
A
(2)
k∆
)2)
≤ 4
∆2
√
E
(
I¯4k∆
)√
E
(
J¯4k∆
) ≤ 4σ20√E (b4(X0))∆
✷✹
❛♥❞ E
((
A
(2)
k∆
)4)
≤ 16σ40
√
E (b8(X0))∆
2.❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✱ E
[(
σ2 (Xs)− σ2
(
X¯k∆
))2] ≤
c∆ ✐❢ s ∈ [k∆, (k + 2)∆]✳ ❙♦
E
((
A
(3)
k∆
)2)
≤ 1
∆2
E



 1
p2
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
σ2(Xs)− σ2(X¯(k−1)∆)ds


2


≤ 1
p2∆2
∑
i,j
E
(∫ (k+1)∆+jδ
k∆+jδ
σ2(Xs)− σ2(X¯(k−1)∆)ds
)2
≤ 1
p2∆
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
E
(
σ2(Xs)− σ2(X¯(k−1)∆)
)2
ds
≤ c∆.
▲✐❦❡✇✐s❡✱ E
((
A
(3)
k∆
)4)
≤ c∆2✳
✭✈✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✶✮✱ ❛♥❞ ❛s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (ε¯k) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)t≥0✱
E
((
B
(1)
k∆
)2)
=
4
∆2
E
(
(ε¯k+1 − ε¯k)2
)
E
(
I¯2k∆
) ≤ cτ2/p.
■♥ t❤❡ s❛♠❡ ✇❛②✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t E
((
B
(1)
k∆
)4)
≤ cτ4/p2✳ ▼♦r❡♦✈❡r✱ ❛♥❞ σ ✐s
▲✐♣s❝❤✐t③✱
E
((
B
(2)
k∆
)2)
≤ E
((
σ2(X¯k∆)− σ2(X¯∆ + ε¯)
)2) ≤ cσLσ0E (ε¯2) ≤ cσLσ0τ4
p
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t②✱ E
((
B
(2)
k∆
)4)
≤ cσLσ30E
(
ε¯4
) ≤ cσLσ30τ8/p2✳ ▼♦r❡✲
♦✈❡r✱
∑
i,j
∫ (k+1)∆+(i∧j)δ
k∆+(i∨j)δ
ds =
∑
i,j
i ∧ j + (p− i ∨ j) = 2
∑
i<j
i+ p− j +
∑
i
p
=
2
3
p2 +O (p) .
❙♦ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✶✮✱ ✇❡ ❤❛✈❡
E
((
B
(3)
k∆
)2)
≤ cσ
4
0
p2
❛♥❞ E
((
B
(3)
k∆
)4)
≤ cσ
8
0
p4
.
❆✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷
✭✐✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✹✮ ❛♥❞ t❤❡ ■tô ❢♦r♠✉❧❛✱
E
(
τˆ2 − τ2) = 1
2n′
n∑
k=1
E
[((
X(k+1)δ −Xkδ
)
+ (εk+1 − εk)
)2]− τ2. ✭✷✺✮
✷✺
❚❤❡ ♣r♦❝❡ss (Xt) ✐s st❛t✐♦♥❛r②✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (εk) ❤❛✈❡ s❛♠❡ ❧❛✇ ❛♥❞ ❛r❡ ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ (Xt)✱ s♦
2E
(
τˆ2 − τ2) = E [(Xδ −X0)2]+ E [(εk+1 − εk)2]− 2τ2.
▼♦r❡♦✈❡r✱ E
[
(εk+1 − εk)2
]
= 2τ2 ❛♥❞✱ ❜② st❛t✐♦♥❛r✐t②✿
E
[
(Xδ −X0)2
]
≤ E

(∫ δ
0
b(Xs)ds
)2
+
(∫ δ
0
σ(Xs)dWs
)2 ≤ δ2E (b(X0))+δE (σ2(X0)) .
✭✐✐✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✺✮✱
E
[(
τˆ2 − τ2)2] = E



 1
4n′
n′∑
k=1
(
εk+1 − εk +X(k+1)δ −Xkδ
)2 − 2τ2


2


= C1 + C2 + C3 + C4 + C5 + C6.
✇❤❡r❡
C1 =
1
4N2
(
N∑
k=1
(εk+1 − εk)2 − 2τ2
)2
C2 =
1
N2
(
N∑
k=1
(εk+1 − εk)2 − 2τ2
)(
N∑
k=1
(εk+1 − εk)
(
X(k+1)δ −Xkδ
))
C3 =
1
N2
(
N∑
k=1
(
X(k+1)δ −Xkδ
)2)( N∑
k=1
(εk+1 − εk)
(
X(k+1)δ −Xkδ
))
C4 =
1
N2
(
N∑
k=1
(εk+1 − εk)
(
X(k+1)δ −Xkδ
))2
C5 =
1
4N2
(
n∑
k=1
(
X(k+1)δ −Xkδ
)2)2
C6 =
1
2N2
(
n∑
k=1
(
X(k+1)δ −Xkδ
)2)( n∑
k=1
(εk+1 − εk)2 − τ2
)
.
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (εk) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt) ❛♥❞✱ ❢♦r |k − l| ≥ 2✱
εk+1 − εk ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ εl+1 − εl✳ ❆s E
[
(εk+1 − εk)2 − 2τ2
]
= 0✱ ✇❡ ✜♥❞ t❤❛t
E (C1) =
1
4N2
∑
|k−l|≤1
[
(εk+1 − εk)2 − 2τ2
] [
(εl+1 − εl)2 − 2τ2
]
≤ 3c
4N
(
τ4 + τ
4
)
.
❆s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ε¯k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)t≥0✱ E (C2) = E (C3) = 0✳ ▼♦r❡♦✈❡r✱
E (C4) =
1
N2
∑
|k−l|≤1
(εk+1 − εk)
(
X(k+1)δ −Xkδ
)
(εl+1 − εl)
(
X(l+1)δ −Xlδ
)
✷✻
❛♥❞
|E (C4)| ≤ 1
N2
∑
|k−l|≤1
E
[
(εk+1 − εk)2
]
E
[(
X(k+1)δ −Xkδ
)2]
≤ 3δσ
2
0τ
2
N
.
❆❝❝♦r❞✐♥❣ t♦ ♣r♦♣♦s✐t✐♦♥ ✶✱
E (C5) ≤ 2cδ2.
▼♦r❡♦✈❡r✱ ❜② ✐♥❞❡♣❡♥❞❡♥❝❡✱ E (C6) = 0✳
✭✐✐✐✮ ❲❡ ❝❛♥ ♣r♦✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t
E
[(
τˆ2 − τ2)4] ≤ c( τ4
N2
+ δ4
)
.
❘❡❢❡r❡♥❝❡s
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❈♦♠t❡✱ ❋✳✱ ●❡♥♦♥✲❈❛t❛❧♦t✱ ❱✳ ❛♥❞ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✼✮ P❡♥❛❧✐③❡❞ ♥♦♥♣❛r❛♠❡tr✐❝ ♠❡❛♥ sq✉❛r❡
❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❇❡r♥♦✉❧❧✐ ✱ ✶✸ ✭✷✮ ♣♣✳ ✺✶✹✕✺✹✸✳
●❧♦t❡r✱ ❆✳ ✭✷✵✵✵✮ ❉✐s❝r❡t❡ s❛♠♣❧✐♥❣ ♦❢ ❛♥ ✐♥t❡❣r❛t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥
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❚❛❜❧❡ ✶✿ ▼♦❞❡❧ ✶✿ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
σ(x) = 1.
❊st✐♠❛t✐♦♥ ♦✈❡r [−1, 1]✳
ris✿ ❡♠♣✐r✐❝❛❧ ♠❡❛♥✱ oracle✿ ♦r❛❝❧❡
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